Abstract: The study of axion models and quantum corrections to their potential has experienced great progress by phrasing the axion potential in terms of a 3-form field eating up the 2-form field dual to the axion. Such reformulation of the axion potential has been described for axion monodromy models and for axion potentials from non-perturbative gauge dynamics. In this paper we propose a 3-form description of the axion potentials from non-gauge D-brane instantons. Interestingly, the required 3-form field does not arise in the underlying geometry, but rather shows up in the KK compactification in the generalized geometry obtained when the backreaction of the D-brane instanton is taken into account.
Introduction and main results
Axions have become an essential template to describe physics of scalar fields whose potential enjoys special protection properties due to an underlying symmetry principle. Naively, the symmetry corresponds to the perturbative global symmetry shifting the value of the scalar field, which is violated by non-perturbative effects, as originally proposed for the QCD axion [1] . However, it has recently become clear that the most fundamental symmetry structure is that of the dual 2-form. Contributions to the axion potential which spoil the shift symmetry must arise from the existence of a 3-form which eats up the dual 2-form to make it (and so the dual axion) massive. The gauge symmetry of the 3-form constrains the form of these contributions in an advantageous way for many phenomenological applications. The description of the axions in terms of forms and their duals has also been key to the use of the weak gravity conjecture [2] to constrain transplanckian axion model building [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
This formulation has been well understood:
• For the QCD axion, in [21] [22] [23] , where the 3-form is actually the Chern-Simons composite 3-form built out of the QCD gauge fields.
• In string compactifications producing axion monodromy [24, 25] , as described in [26] connecting it to the earlier description in [27, 28] 1 . In these cases, the 3-form is a fundamental field, and its couplings arise from different sources, ranging from ChernSimons couplings to fluxes in the 10d action [26, 47] (see also [48] ), torsion homology [26] (see also [49] ) or topological brane-bulk couplings [43] .
The two above phenomena, in particular the presence of fluxes and non-perturbative effects on D-brane gauge sectors, play an important role in several scenarios of moduli stabilization (and thus of their axion components), along the lines in [50] . Actually, the gauge non-perturbative effects can be described in string theory as particular cases of D-brane instanton effects wrapping the same cycle as the gauge D-branes in the compact space. In general, in string theory there are other non-perturbative effects from D-brane instantons not wrapping such cycles (sometimes dubbed stringy or exotic Dbrane instantons [51] [52] [53] , see [54, 55] for reviews), and contributing to the stabilization of axions as well. It is therefore natural to wonder about the 3-form description of these latter effects. Interestingly, there is no known description of this kind: since there is no gauge group associated to the cycles, we cannot use any composite Chern-Simons 3-form; on the other hand, for e.g. a D3-brane instanton on a 4-cycle, there is not any obvious corresponding harmonic form able to produce a 3-form in the 4d theory upon compactification.
In this paper we solve this question and provide the 3-form description for the stabilization of an axion by non-gauge D-brane instanton effects. The key idea is to notice that the stabilizaton occurs when the non-perturbative effect is included in the theory, so it is only then that we can hope to find a suitable 3-form. Therefore, the internal form supporting the 4d 3-form must arise only in the geometry backreacted by the presence of the D-brane instanton, in the sense discussed in [56, 57] . In general, these correspond to generalized geometries, so the corresponding form need not be harmonic with respect to the underlying CY metric, rather it corresponds to (a piece of) a generalized calibration.
We study this in the particular example of D3-brane instantons on 4-cycles, but the lesson is general (as expected from T-duality / mirror symmetry). Also, we show that the picture is compatible with D-brane instantons corresponding to gauge nonperturbative effects.
The paper is organized as follows. In Section 2 we review the 3-form description of axion stabilization and its interplay with axion monodromy and non-perturbative gauge dynamics. In Section 3 we provide the 3-form description of axion potentials induced by non-gauge D-brane instantons: after posing the question in section 3.1, we review the D3-brane instanton backreacted geometry in section 3.2, and obtain the 4d 3-form and its couplings in section 3.3. A simple example is displayed in section 3.4. Section 3.5 describes the generalization, in particular the mirror picture of D2-brane instantons in type IIA compactifications. In section 4 we discuss the case of gauge D-brane instantons. Finally, Section 5 contains our final remarks.
2 Review of 3-forms and monodromy.
Consider an axion φ, regarded just as a scalar taking values in a circle (i.e. with discrete periodicity 2 2π) and with an (approximate) shift symmetry. In many applications one is interested in generating a non-trivial potential for this axion, violating precisely this shift symmetry. For simplicity we consider the potential expanded at quadratic order around a minimum, as for instance arises in moduli stabilization; the general picture is however more general. Hence we have the lagrangian
A potential of this kind is naively not compatible with the axion periodicity, but may be made so by including multivalued branches for the potential, thus inducing axion monodromy. The description of the periodicity properties are automatically implemented by using a dual formulation, in terms of a 3-form c 3 eating up the 4d dual 2-form field b 2 (defined by * db 2 = dφ, in 4d). This is described by the following lagrangian
where F 4 = dc 3 . This theory has the gauge invariance
As emphasized in [26] , it is this gauge symmetry that protects the flatness of the axion potential against uncontrolled corrections even in transplanckian field ranges. Dualizing the 2-form back into the axion φ, we obtain the Kaloper-Sorbo description of axion monodromy [27, 28, 35, 59 ]
Integrating out the non-dynamical 4-form field strength F 4 one recovers a potential with the structure (2.1).
The idea can be generalized to other potentials by considering corrections, which due to the gauge invariance, (2.3) must be in terms of higher powers in F 4 . This leads for instance to the flattening in [60] .
At this point we would like to emphasize an important clarification: the description of the massive axion in terms of a 3-form eating up the dual 2-form, or in terms of a coupling between (a function of) the axion and the 4-form field strength, is not necessarily a signature of axion monodromy, but rather of the existence of a non-trivial axion potential. Axion monodromy arises in cases when the potential does not naively satisfy the axion periodicity. On the other hand, the 3-form description should also hold for non-monodromic potentials (i.e. single-valued and consistent with the axion periodicity). Our main interest in this note is indeed the 3-form description of single instanton non-perturbative potentials, which indeed are periodic in the axion.
Before entering this discussion, we conclude this review with a brief recap of the 3-form description of axion potentials induced by non-perturbative gauge dynamics. This has been studied in the context of QCD axions in [21] [22] [23] , but we recast it for pure N = 1 SU(n) SYM, which will be useful later on. The axion belongs to a chiral multiplet φ = Im T , and we have a coupling
The non-perturbative dynamics produces a gaugino condensate superpotential
where ω = e 2πi/n and Λ = exp − T 3n
is the SYM dynamical scale, regarded as a function of T .
The theory has n gapped vacua, which differ by the value of φ (the phase of the gaugino condensate), in the sense that a shift φ → φ+2π changes the k th vacuum to the (k + 1)
th . Therefore the potential has a periodicity of φ ∼ φ + 2πn. On the other hand, the axion should actually have a periodicity of 2π; in fact, this is ensured because there is a 3-form description of the above axion potential. This follows from realizing that the coupling (2.5) describes a coupling to a 4-form φF 4 structure, with F 4 = tr F 2 . Namely, the 3-form is the composite Chern-Simons 3-form c 3 = ω 2 ). In other words, although the potential is periodic with a period 2πn, the periodicity of 2π is achieved via a monodromic structure, but with a finite number n of branches. This is clearly associated with the Z n discrete symmetry among the n vacua of N = 1 SYM. The structure of domain walls among vacua is naturally described in terms of the (composite) 3-form description [21] [22] [23] . In string theory, there are non-perturbative contributions to the superpotential beyond the above non-perturbative gauge dynamics contributions. These come from, for instance, euclidean D-brane instantons which do not correspond to gauge theory instantons. A prototypical example is provided by D3-branes instantons wrapped on 4-cycles in CY compactifications 4 , such as those used in moduli stabilization in [50] . In our discussions we will assume the instantons to indeed produce superpotential terms; it would be interesting, but beyond our scope, to develop an understanding of a dual description for instanton effects generating higher F-terms due to extra fermion zero modes [61, 62] . Denoting by T the complex modulus associated to the wrapped 4-cycle, we have a superpotential
where A is a prefactor depending on complex structure moduli (and possibly also on open string moduli), whose detailed structure is not essential for our present purposes.
We expect the axion potential induced by these instantons to admit a description in terms of a 3-form eating up the dual 2-form. On the other hand, there is no obvious candidate for such a 3-form in the 4d CY compactification: the only available RR fields are even-degree gauge potentials, so the 3-form should arise from the RR 6-form integrated over a 3-cycle. However, there is no natural pairing between a 3-cycle and a 4-cycle in a CY so as to support the topological coupling φF 4 ultimately responsible for the axion potential. Therefore there is no natural candidate for the 3-form coupling to the axion to reproduce its potential.
The solution to this problem is to follow the intuition gained in the discussion of the SYM superpotential. In that case, the 3-form arises only when the existence of nonperturbative sectors in the gauge theory are taken into account; namely, the fact that F 4 = tr F 2 implies that the presence of the instantons is built-in in the coupling φF 4 . The implementation of a similar concept for non-gauge D-brane instantons requires proposing that the 3-form describing the axion stabilization should be looked for not in the original CY geometry, but rather in the geometry perturbed by the gravitational backreaction of the D-brane instantons. This perturbation of the geometry has been studied in the literature in [56, 57] by exploiting the technology of generalized geometry.
D-brane instanton backreaction
In this section we review ideas in [56, 57] to describe the backreaction of D-brane instantons in terms of generalized geometry. The uninterested reader may wish to jump to section 3.3.
The effect of D-brane instantons can be encoded in the underlying CY geometry by means of a deformation turning the SU(3) holonomy into (in general) an SU(3)×SU(3) structure, associated to the existence of two spinors (not covariantly constant due to the deformation) corresponding to a 4d N = 1 supersymmetry (possibly in AdS). Focusing already in the type IIB case, the two spinors are written
here ζ + and η + are complex conjugate of ζ − , η − , and ζ + is the 4d spinor specifying the N = 1 supersymmetry, and satisfying
W 0 γ µ ζ + , where W 0 is the superpotential at the AdS minimum (and for the Minkowski case we just have W 0 = 0).
The spinors η (1, 2) can be used to define two polyforms,
Noticing the chirality of the spinors in the sandwich, the polyform Ψ + contains even degree forms and Ψ − contains odd degree forms. A common alternative notation is (for type IIB) Ψ 1 = Ψ + and Ψ 2 = Ψ − . The familiar case of SU(3) structure corresponds to η (2) ∼ η (1) and leads to Ψ + ∼ e iJ and Ψ − ∼ Ω. For SU(3) holonomy the spinors are covariantly constant and the polyforms are closed. The compactification ansatz is
The 10d fields can be organized in complex quantities, in agreement with the 4d susy structure. One holomorphic quantity is
where Φ is the 10d dilaton (not to be confused with the 4d axion). This is motivated because it provides the calibration for BPS domain wall D-branes (notice that in IIB, Ψ 2 calibrates odd-dimensional cycles). In other words, the tension of a D-brane BPS domain wall is obtained by integrating the above form over the wrapped cycle. For instance, for standard CY compactifications, a D5-brane on a supersymmetric 3-cycle Π provides a 4d BPS domain wall, whose tension is given by Π Z (3) ∼ Π Ω, where the subindex (3) denotes the 3-form part of the polyform The second quantity is
where ∆C describes the RR backgrounds not encoded in the background fluxesF , i.e. the RR fluxes are split as F =F + d∆C. The above complexification is motivated by the generalized calibration of BPS D-brane instantons (notice that in IIB, Ψ 1 calibrates even-dimensional cycles). For instance, for standard CY compactifications, a D3-brane wrapped on a holomorphic 4-cycle Σ provides a 4d BPS instanton whose action is given by Σ T (4) ∼ Σ e iJ ∼ Σ J ∧ J.
The 3-form and its coupling
From the supersymmetry conditions recast in terms of the 10d version of the 4d fields Z, T , one can show that, in a weak coupling expansion, we have
where d H = d + H∧, so the 2-form term above is just d H Z (1) = dZ (1) . This encodes the backreaction of the instanton effect on the 10d geometry in terms of the appearance of a 1-form component Z (1) of Z, which was absent in the CY geometry. This equation defines an special 1-form α 1 ≡ Z (1) . It is associated to the globally defined supersymmetric spinor, in the presence of the non-perturbative correction to the geometry. Its structure can be obtained by integrating the above equation. For the particular case of a D3-brane instanton (n = 1) on a holomorphic 4-cycle defined by the equation f = 0, one obtains [56] Z (1) ∼ dfW np (3.8) where the tilded superpotential has the dependence on open string degrees of freedom removed.
One intuitive way to understand the above expression is to notice that, in a theory containing gauge D3-branes (i.e. D3-branes sitting at a point in the internal space), the 4d superpotential as a function of the D3-brane position is obtained by considering a 1-chain L joining two different points in the CY and integrating Z (1) over it. This follows because Z (1) is the calibrating form for a D3-brane wrapped on the 1-chain L, which defines a domain wall interpolating between the two configurations of the D3-branes at the two (end)points. We thus have
where we regard f as the D3-brane position in the direction normal to the instanton 4-cycle. The result therefore reproduces the familiar dependence on open string moduli, microscopically associated to Ganor strings [63] (see also [64] ). In the following we recast (3.7) as dα 1 = β 2 , and we use both α 1 and β 2 as internal profiles for the KK reduction of higher-dimensional form fields in the backreacted geometry. This is similar to the non-harmonic forms used in KK reduction of massive U(1)'s, and studied in [49] in compactification spaces with torsion (co)homology.
We may use these forms to perform the KK reduction of the 10d RR 4-form C 4 as
This produces a 3-form in 4d spacetime, naturally associated to the non-perturbative effect, and a 2-form, dual of φ. Moreover, is it clear that the 3-form is eating up the 2-form, by noticing that the field strength F 5 has a term
where * 10d is added to take the self-duality of F 5 into account. This clearly has the gauge invariance
This implies that the 3-form is eating up the 2-form to become massive, and correspondingly provides a dual description of the axion φ becoming massive, as in Section 2.
It is also straightforward to show that this 3-form has a Kaloper-Sorbo coupling to the axion. We focus just on the leading term φF 4 , where φ = Σ C 4 , and F 4 = dc 3 . We simply massage the kinetic term of the (self-dual) 4-form and focus on the components in (3.11) as follows 10d
where we used β 2 ∼ δ 2 (Σ).
Some toroidal examples
To flesh out this somewhat abstract description, let us now consider a toroidal compactification M 4 × T 6 , where for simplicity we take a factorizable,
with local complex coordinates be z 1 , z 2 , z 3 . Let us study the backreaction caused by a instantonic D3-brane wrapping the 4-cycle Σ 4 defined by z 3 = 0. Using the general formulas in [56, 65] , the complex structure Z = Ω gets corrected, becoming a generalized complex structure with a 1-form piece
This is the 1-form to be used to produce the 4d 3-form upon compactification of the 10d RR 4-form.
Notice that it actually corresponds to dz 3 , a harmonic 1-form already present in the underlying toroidal geometry. Therefore there seems to be essentially no new geometric structure associated to the backreacted geometry, namely, no axion potential due to the instanton effect. This feature is clearly related to the existence of extra harmonic forms in the T 6 geometry, which are not present in generic CYs. However, it nicely dovetails the expectation that D3-brane instantons in toroidal geometries have additional fermion zero modes, and do not produce non-perturbative superpotentials for the corresponding moduli.
In order to actually get non-trivial structure, we can consider orbifolds which remove the extra harmonic forms, and produce genuine CY geometries. Consider for instance
, where the generators of the orbifold group act as θ :
To describe the quotient, we introduce local coordinates 5 by building orbifold invariants,
The instanton wrapped on the second and third torus is defined by f ≡ u 3 = 0, so f = u 3 , and we have
It is now clear that the 1-form supporting the 3-form in the compactification of the 10d 4-form is non-harmonic with respect to the original CY geometry.
Generalization
Although we have focused on the case of axions with potential arising from D3-brane instantons on 4-cycles, the ideas hold for general RR axions associated to other cycles, and with potentials arising from the corresponding wrapped D-brane instantons. In order to illustrate this, we consider the mirror configuration of type IIA with axions arising from the RR 3-form on a 3-cycle, stabilized by D2-brane instantons. Let us thus study the mirror dual to the configuration of D3-branes on a 4-cycle, in the setup of a general CY (alternatively the main ideas can already be illustrated in the toroidal examples in section 3.4). Consider the CY in the large complex structure limit, where it can be regarded as a T 3 (parametrized by coordinates y i , 1, 2, 3,) fibered over a 3d base, with local coordinates x i , i = 1, 2, 3. The complex coordinates are locally z i = x i + iy i , and we consider a holomorphic 4-cycle given locally by z 3 = 0, i.e. spanning x 1 , y 1 , x 2 , y 2 .
The mirror dual can be obtained by applying three T-dualities [66] , along the coordinates y i . The D3-brane instanton thus turns into a D2-brane wrapped on the 3-cycles locally spanned by x 1 , x 2 , y ′ 3 (with the prime denoting the T-dual coordinate). One further sees that the complex structure deformation Z (1) ∼ df = dx 3 + idy 3 gives rise to a polyform δT = T (2) + T (4) , (3.15) This follows from the fact that Z (1) is eventually use to expand the RR forms and obtain the 4d 3-form. Hence, these are the 2-and 4-form components of (3.6) produced by the backreaction of the D2-instanton, as we argue later on. Before that, let us conclude that the expansion of the RR polyform C = C 1 + C 3 + C 5 + C 7 along δT produces the 4d 3-form as follows
where the c 3 in the last two expansions is understood to be the same 4d 3-form.
Let us finish by arguing further that the above δT is indeed the backreaction corresponding to the D2-brane instanton. In the original picture in section 3.3 we considered the superpotential in the theory in the presence of a gauge D3-brane, given by the integral of the calibrating form over a 1-chain. Under the mirror transformation we must consider the theory in the presence of a gauge D6-brane wrapped on the 3-cycle Π 3 (i.e. the mirror T 3 fiber, spanned by y ′ i , i = 1, 2, 3). The superpotential is given by the integral of the calibrating form T over a (generalized) 4-chain Σ interpolating between two (possibly generalized) 3-cycles (see e.g. [67] )
We are interested in the superpotential as a function of one D6-brane complex modulus, given by one deformation of the special lagrangian 3-cycle, and the corresponding Wilson line along one 1-cycle in Π 3 . The actual components turned on in this δT are T (4) , which will be integrated along the 4-chain produced by the deformation of the 3-cycle Π 3 , and a component T 2 integrated over the 2-chain spanned by the 1-cycle in such deformation. The latter accounts for the contribution to the superpotential of the induced D4-brane charge arising from possible D6-brane worldvolume fluxes on the 2-forms Poincaré dual to the 1-cycle in Π 3 . The resulting variation of the superpotential is 18) where F is the magnetic field induced in the D6-brane. Therefore, the only way to reproduce the D6-brane open string moduli dependence described by the Ganor zeroes is that the instanton backreaction indeed produces the deformation δT with components T (2) and T (4) .
Gauge non-perturbative effects
There are D3-brane instantons which admit the interpretation of gauge theory instantons. This happens when the D3-brane instanton wraps precisely the same 4-cycle as a stack of 4d spacetime-filling D7-branes.
The description of stabilization of axions coupling to non-abelian gauge interactions has been recast in terms of coupling to the composite Chern-Simons 3-form in [21] [22] [23] c.f. section 2. It is natural to ask about any possible interplay between this and the 3-form discussed in earlier sections.
Actually, the 3-form in earlier sections arises only when the D-brane instantons backreact, in other words when the gauge dynamics is geometrized. This implies that we must consider the geometry that results when the D7-branes, together with the euclidean D3-brane instantons, are backreacted on the geometry. The resulting configuration no longer contains open string degrees of freedom, as everything is encoded in the backreacted geometry. Therefore the relation between the 3-forms is essentially holographic: on one side there are open string degrees of freedom, and the axion stabilization mechanism is described as in [21] [22] [23] in terms of a 3-form constructed out of the open string sector gauge fields; on the other side, there is a backreacted geometry, and no open string degrees of freedom, and the axion stabilization arises from a 3-form supported by the distorted geometry.
To flesh out the latter claim, let us consider the description of the backreaction of D7-branes and their euclidean D3-brane instanton effects. We concentrate in the case N = 1 SYM, where the instantons contribute to the superpotential, and therefore to the axion stabilization.
To describe the backreacted geometry, we borrow results from [65] . The backreaction of the D7-branes, at the perturbative level (i.e not including the euclidean D3-brane instantons) is defined by Z = Ω , T = e −Φ exp(ie Φ/2 J) (4.1) (where here Φ is the dilaton).
To this order there is no deformation of Z, and moreover no 1-form that can support the 3-form. The latter is however generated when the non-perturbative gaugino condensate (which is described by (fractional) euclidean D3-branes) is included. The gaugino condensate S = λλ = e 2πik/n Λ 3 is a non-zero vev for the gaugino bilinear. In [65] it was found that dZ = iℓ This is exactly as in (3.7), thereby confirming the anticipation that the backreacted D7/D3 system can support a 3-form in agreement with the mechanism in earlier sections.
Conclusions
In this note we have provided the description of the axion potential from non-gauge Dbrane instanton effects in terms of a 3-form eating up the 2-form dual to the axion. The 3-form arises from the KK reduction of higher-dimensional RR fields in the generalized geometry arising when the D-brane instanton backreaction is taken into account. The mechanism also holds for D-brane instantons corresponding to gauge instantons, in which case the generalized geometry description of the axion couplings can be regarded as holographically related to earlier 3-form descriptions of stabilization of QCD-like axions. Our works puts axion potentials from non-perturbative effects in a similar footing to other stabilization mechanisms, like flux compactifications. We hope this can improve the study of the interplay between different stabilization mechanisms in string theory. In another line, given recent results in applying the Weak Gravity Conjecture to axion models in terms of their dual 3-forms [15] , we expect our analysis to allow similar analysis for non-perturbative axion potentials from instantons.
We hope to come back to these questions in the near future.
